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The Basic Gamma-Function and the Elliptic Functions 

By the Eev. F. H. Jackson, RN. 

(Communicated by Professor A. E. Forsyth, Sc.D., LL.D. ? F.E.S. Eeceived 
November 12,—Eead December 15, 1904.) 

Introduction . 

In this paper I propose to discuss certain product functions. 

I. Functions of which the typical factor is [x + nw\ that is to say 

(jpX+nu__ l)/(j?—1). 

II. Functions of which the typical factor is [x + m^-t-nco 2 ], 

The functions belonging to the first class are substantially the q products, 
which appear in Elliptic Function theory. Many different notations have 
been used in the discussion of such functions, notably the notations of Jacobi, 
Weierstrass, Halphen, Tannery, and Molk. Halphen* discusses the notations 
used by various writers, and compares their respective advantages. In the 
following work the products will be discussed under a notation analogous to 
that of the gamma-function. The function F p (x, co), which will be used is 
the simplest function satisfying the difference equation 

f(x + co) = [x]f(x), (A) 

p is termed the base, and o> is termed the parameter of the function. In 
casejp = 1, the function F P {x, co) degenerates into the gamma function with 
parameter co. 

From r, (x, co) a function (x, co) will be derived. 

$ (x, co) = =-7- ~ - r = - — ■ . 

v T p (co— x) F p (x) 

It is manifest that when p = 1, this function will degenerate into 
sin ttx/ co, also that for special values of p it will differ from the or functions 
only by an exponential factor of the second degree. Functions of this nature 
are discussed by Halphen.f 

In the discussion of the products with a typical factor [x -f moq + nco 2 ], 
functions G^ (x, co) and G^ (x, co v co 3 ) analogous to the G function and the 
double-gamma function will be formed, and from these, certain functions 
denoted T^, (x, co), t (x, co v &> 3 ) will be derived, satisfying difference equations 
for the co parameters, with elliptic function coefficients. 

* ‘ Fonctions Elliptiques,’ vol. 1, p. 252. 

J 6 Fonctions Elliptiques,’ vol. 1, pp. 240, et seq. 
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128 Rev. F. H. Jackson. The Basic [Nov. 12, 

For general investigations of ^ series, not specially in connection with 
Elliptic Function theory, I refer to Heine,* to memoirsf by Professor 
L. J. Eogers, and to sundry papers^ by the author. 

It may be useful to state here the principal transformations which appear 
in this paper. 

r,(t, s.) “const. r n{r,(«+~ .)}, 

s ’(*’ t) = C0 " st , I J,{ s '( a!+ ™ ")}■ 

fl 1 —nx(nx—to) C / r-Lo \“1 

G p ~ (nx, co) = XO [~J n n 1g p (x + i±f ft), <ojj , 

rl nnW/w* — (»—l) r < ^ 4.0 \ 

T '£(nx, co) = c 2 ^ij n n \ x + ~~ ®) 



1. 


Function T p (x, co). 

In order to bring the function T p ([^])§ into line with more general 
products, we introduce a parameter, co, and form a function satisfying the 
difference equation 

f(x + m) = 0 ]/ 0 ), 

and such that 1^ (cd, co) = 1 . 

The function is 


T p (x, co) = 


1 _ [ft>] [2ct>] [oa)] . . . _ 

M * = <» [^+«] [a?-f 2co] \x + ?> co \ . . . /cco] 


[mmY** (1) 


in which I p™ j < 1 . 

The infinite product is also convergent when | p* | >1, but the function 
does not then satisfy the difference equation f(% + co) = \F]f{x). By intro¬ 
ducing, however, an exponential factor, ^(^+«)/ 2 " we have, in case j j > 1 , 
a function 

* £ Kugelfunctionenf chap. 2, vol. 1, Appendix. 

t £ London Math. Socy. Proc.f vols. 24 and 25. 

f £ London Math. Socy. Proc./ series 2, vols. 1, 2, and 3 ; £ R. S. Edin. Trans.,’ vol. 41; 
£ Amer. Jour. Math.,’ vol. 27. 

§ £ Roy. Soc. Proc.,’ vol. 74, p. 61. 
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Fp (x, co) — — L 

K = OC 


[ft>][2ft>][3ft>] 
[x + co] [x+2co] 


[*»] 

\x -f* KCo\ 


^ ( 3 ?+ w)/2w 


( 1 > a ) 


which satisfies the difference equation (A). In terms of the function I*([#])* 
we find 


T p (x,co) = [g>](*M - 1 


analogous to I\ (x, co) = g)W"T (x/co) .f 

It is easily deduced that 

Tp(—a?, —o>) = —p x e 2ir2x ^r p (x, co). 

The function (1) may be expressed in other forms, for example, 


T p (x, co) 


[x] (i —p) x ^ n 


[x + SG)\ 
L [«©] 


=r*](i-®y / “n (B) 

s = 1 L [s®JJ 

These expressions are absolutely convergent of | p* | < 1, but they are not 
convergent in case p = 1. We can, however, form an expression convergent 
in this limiting case, viz.:— 


1 

Y p (x } co) 



( 0 ) 


Q = —log 

w 


p S < 


1 —p iM 


A similar expression in case | p<° | > 1, is easily written down. As p 
approaches the value unity from either side, the two expressions converge into 
a limiting form, viz., Weierstrass’ expression for the gamma-function. 


Multiplication Theorem omd Transformation of the Parameter co. 
Consider 


♦<«>- »/-“r? u [-»r 




, Tw 
x-j - , CO 

n 


s 


Then, since 


T p {(nx + nco 


,.>.t 


, n — 1 

x-j - co 

n 


[3 


iy* (nx-j- (n— l)co, co ), 


we find cj>(x + co) == cj> (x). 

The function cb (x) has no singularities when x is positive, it is finite and 


* ‘Roy. Soc. Proe., 5 vol. 74, p. 61. 
t Cf. Barnes, ‘ Messenger of Mathematics,’ 1899, p. 71. 

















Downloaded from rspa.royalsocietypublishing.org 


130 


Rev. F. H. Jackson. The Basic 


[Nov. 12, 


single-valued since only principal values of [x] are denoted by that symbol, 
therefore, by Lionville’s theorem, is constant, and by putting x=~, we 
are able to write 



i i 

11 — 1 

i i 

^ nx 

co 

in® 

i 

r,( 

»} 




( 6 ) 


which is a quasi-multiplication theorem for the function T p (x, co), reducing to 
the multiplication theorem of Gauss and Legendre in case^=l, g>=1. 

It is easily shown that 


Y p n(nx, co) = 


T# (*.•;). 


If we apply this to equation (6), it reduces that equation to the form 

n— 1 


in which 


r '^")= c i{4 + v”)}- 

c =i{ r '(v'”)}“- 


0) 


( 8 ) 


Denoting the derivatives of log T p (x, co) by (x, co), it is seen that 


x^Mx, 


CO 


n r = 0 


2 + 


n 


(9) 


These expressions form transformation theorems for Y p (x, co) and its 
logarithmic derivatives. 


Function S p (x, co). 

Consider the absolutely convergent product 

f{x) = X [X] { [ g g+gf^-^3 } . . . (10) 


which reduces, in case = 1, to X sin —. The product may be expressed by 

CO 

(1) as 


( x, co) Y p (co — X, co) 


Choose X* = Y p co), and now denote the function by the symbol 
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It is at once evident that 


s^(0,®) = 0, S^“«j = l; 

also by means of the difference equation of the F^ function 


so that 


s »(^+o)) {^x\ _ 

S,(x) [x] 1 ’ 

S p (x + 2ma>) = (x). 


( 11 ) 


Transformation of the Parameter co. 
It has been shown that 


r ,(»+!!, ?) = (-»+!,?' 

* V n nj \ n n/ 


therefore 


Since 


= c{n {r,(* + fc!^„)r,(-* + fc!^,»)} 

n —1 s- 

= c '„F„{ r *' 

Sp (*, co) = 


x+ 


n 


rJ co—x- 


rco 

n 


(®+aj)r^(©—®). (12) 


T p (« -h x) V p (ft) — x) 
we are able to write this equation (12) 

S \ p (x, -\ = A.S p (x, ft)) S^, (% + -, co) . . . Sp (x-b ^-— 


and X* = r jl ^,©j > 


n, 


A = 


We notice that 
(co 



n 


(13) 


• •. S, 


n — 


^■-)P 


00 1 _ nrjmo 

= (1-^)1 n - i+ir , +F W2 +-... 

Denoting the first derivative of log S^ (x, co) by Z p (x, co), and the second 
derivative by (x, co), it follows that 


n 


r = o 
n —1 


Zp(®,- )= t ZJx+ r ~,co 




OJa:, -)= 2 ® v {x +—,w 


n 


(14) 


* Gf Halphen, ‘Fonctions Elliptiques, 5 vol. 1, p. 198. 
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From the infinite product expression for T p (x, g>) it follows that 


* (1 

i> (\x+1, i) i>(i -\x, i) = n -— - M 2-2— —_ .« 


(15) 


It is easily deduced that 

S*, 


a? 

2 o), 


\ nr in iff% 

, l) = fftf-l)-irSQ)6l-»T*Z(r(x), 1 

ft>l 


zJ* l) = il^- 2 W + 2o ) ^(x), 

' 2 ft), ■ M - 


'2 t 




w i 

X 


2,(0, 


.1 = 


= _fa®!L+4» s V(a). 


(16) 


Various series expressions for the functions S, Z, and <£ may be obtained, 
either directly from their forms given above, or from known series in connec¬ 
tion with the functions a, S, p or the functions & lf $ 2 , S 3 of Halphen’s 
Treatise:— 

Sp (so ,«) _ r f (y)Y p (m-y) 

S p (t/,co) T r (x)r v {(o—x)’ 

and the quotient of the basic-gamma functions may be expanded in a Heinean 
series.f 

i [®—y] [ 2 ®-y-»] [as-y] [*-y+»]. 

1 W[®-y] P [®][2®][®-y][2®-y] ’ 


Since 


(17) 


also 

it follows that 


sJ%Ui, 


S 7 , 2 -! (x, ®) = 1 +p“ .[fL-j£] p® - Ml g gZ-glO + ®] . 

[ft)J [ 2 ft>J [ft)J [ 2 ft)J [oft)J [ 4 ft)J 


Similarly, 

S„->(*,»)=l+J»»pJjg^ ] +. 

and by taking account of the expression 


( 18 ) 


S*(JL, 1 ) = Ae“ +ta V(®), 


in which <7 = we find 


o-(y) 


r> y+ yr | 
it L ®» J 

' [ 2 ] [ 2 -jq 

L g)q J 


+ 


(19) 


* £7/. Halphen, vol. 1, p. 393. 

+ ‘ Amer. Journal Math.,* vol. 27, p. 1. 
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3. 

Series involving q Forms of Bessel’s and Legendre’s Coefficients. 
I have shown* that 

H -r\ = L Q—MkiM • • • • Q-yaQ 
' ,n . = Jl -v n x) (1 -v n+1 x) -tl-r/'+'a 


133 


,(1— p n x)(l — p n+l x) .... (l—p n+K %) 

( _1 y n ir (r—1) !>][>-1] • • • [«--?- + !] 

1 ; P [r ]! 


_i Wj I [w] [W—i] 3 

- 1 [T] +y [2]! 


... ., 
(Il> I < !)• 


Changing the base p into p 3 > and replacing x by p 2 xX, we write 

= { i +yA[IJ+ ? wx<[ilI|+... +? «-EL_^P2r=a + . . 

Writing X — e 2id , we have 

(1 —p 2 xe 2iB )_^ x (1 —p 2 xe~ 2id )_y = (1 — 2p 2 «r cos 20 -rp^ofi)^ 

__ ® (1 — 2p 2m x cos 26 -j-p 4 ™^) 

m _ i (1 — 2p 2m ~ 1 x cos 20+p 4m ~ 2 x 2 ) 

= { 1 +^+x[t]+?>w[i|I|]+ . .. .} 

{i +pxX ~' [T] + + • • • •} 

The coefficient of in the product of these two series is 

f[l] . . . [2n— 1] 2 nio | [1] • • • [2»—3 ].[1] 

P l [2rTT[2»] + [2] . . . [2n-2] [2] 

+ ■ • ■ + t pj:: < 20 > 

=r mm ML i> iT.{ 2cos3 “ 9+ [2i^tr] 2eos2( “- 2)9 

[3] [2w][2w—2] o CO c o. >j[\ ^ | 1 

+ [^y{2^][2n^3] ZGOSZ{n +- J 

= P n l$n (COS 20). 

In case p = 1, this coefficient is a well-known form of Legendre’s coefficient 


P» cos 20. 


* ‘ Lond. Math. Socy. Proc., series 2, vol. 2, p. 193. 
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(1 — 2 p i x cos 20 +p% a )_i = 1 + (cos 20) + * 2 _p 2 ^ 2 (cos 20) + . . . . (21) 

Making x = 1 , we obtain at once from this a series for Jacobi’s function m, 


viz. 


= l+q^ 1 (cos20) + q^(co S 20)+ . . . 

because n 2 r 2 cos 26 I «*5 , - TT a-V<*>s20+/"») 

(1 2p cos 0+p)-, ^s—i cos 20+p 4 ”" 2 ) ‘ 


( 22 ) 


It follows that 


**K 


7 T(p 


r = 1 + ^(1) + ^ 2 (1)+ • • • • +?“P«(1)+ 


(23) 


in which 

,a m-B. £M! fn [2»] , [3] [ 2 «][ 2 «- 2 ] 

l*" w “ F {[2].. .[2»]} 2 l' [2] [2»-1] [2] [4]' [2»-1] [ 2n - 3] 

+ .... + !}. 

Ill precisely the same way we see that 

(1-tfXx) , = L • • • (l-y 2 g+ 2 X.r) 

^ ^ ' 2 K = oo(l-~jp 4 “*X^) . . . ( 1 —p 2 + 2 ' c “ s A^) J 

— 14- # 2 “* M xX 4 r) 4 ~^ s M [ s + 4 . _i_ afi ( 2 -a) M~ 2] ^»^ {? 

-14^ [2] a*4* [2][4] ^4...4^ [2][4]..[2»] ^ + < * ’ 

and by taking the product of two such series, viz., (1— p*Xx)_*(l — , 

we find 

tt (1 2 xp %n cos 26 -\-x z p 4m ) _ ^ «/ C()C! 9m /94A 

J^jl- 2®p*»- cos 2 0 +aSp**) ~ 1 + ^i 5 " ( G0S ^ ^ 4 > 

Itl •' ('eo” ° 0 ! - 41 l>+ 2 ] • • • b+ 2 n- 2 ] 0 Q ^.MO+2] . .. [*+ 2 »- 4 ] 
P„ (cos 20 ) - j- [2][ 4j ;:;-p^ 2 cos [2] [4 ] . . . 0 — 2 ] 

. W 2 cos 2 (w— 2) 6 + ... . 1 - (25) 

L+J J 

In case s be an odd integer, the infinite product may be written 


r = (s— 1)/2 

n 


n 


(1 — 2 xp %n cos 204 x 2 p 4m ) 


z i (1 — 2 xp 2r ~ s cos 204 x*p 4r ~* s ) m ~i (1 — 2 xp' im ~ l cos 204 x*p 4m ~ % ) 
The expansion in powers of x of the first of these products is well known- 

1 + CjX + c 2 x 2 + .... 


_ p n(2—8) [g-l][a+l][g+3] . ■ . [s + 2w-3] 


[2][4]...[2»] 

■[ 2 cos 27i0 + -p 44 l±zll 
l [2][s+2 n—i 


3] 


2 cos 2 


(ii — 2)04 • • . 
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hence the following relation will hold among the coefficients ^ nj c :— 


;|j 5 / = + . . • -f ~C n . 

Series involving q Forms of Bessel’s Coefficients. 


(26) 


In this section certain series expressions for elliptic functions will be found 
which will contain coefficients denoted J M , etc. 


![»](«) = 2 


r,n+2r 


i n J in] (ia), 


( 27 ) 


r = 0 {2w-f 2 r} ! {2r} ! 

J[ W ] being the generalised Bessel function.* If we invert the base p in the 
function 1^, that is, replace p by we obtain 


p n% 2 


-p‘ 


} 2r(n+r) 


r = o{2n + 2r} ! {2 r} J 
which we denote ( a )- 

Similarly, by inversion of the base p in the function J M , we obtain 

(l>i+2r 


p*Z(-iy- 


__ w 


>2 r ( n+r ) 


{2n + 2r} ! {2r) ! J 

= P n *%W (a), 

and not p n %[n\{ajp), as is erroneously stated.f 
From the well-known equation 


(29) 


n{i +p m x} = i + _E£_+ 




(p- 1) 


4- 


(P > I)- (30) 


m = 1 

we deduce that 

n{i+x( P -i)j>-} = i+^j+pj-,+ • • • = E * (*)• 

Jhi+MI-pM = 1+ [^ + ^[fj] + • • • +i /(i ^ 1)/2 j7p+ • • • 
= E ;-(X>- (p < i) 

If we change the base p into p 3 , and write xt/p + l for X, we find 

n X 1 +& & =}■) p -*m\ = 1 +^L+ *?* ..+ 

fill P + l 1 1 [2] [2][4] + 

.and, as in the case of Bessel's coefficients, 


exp 


{l(* +rl >} = I o(*)+,Sf+^) I 4*X 

** 4 Boy. Soc. Proc.,’ vol. 74, p. 67. 
t Ibid . 


VOL. LXXVI.—A. 


L 
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so 


n {(1 +xt ( 2 ?—1 )p~° M ) (l+xt~ x (p— l)yr 3 ®)} = Ej,8 ( x E^s 


'xt 


m/ p \m 

= I ra (a) + 2(^ + r»)I w (a:), (31 > 

and by a change of the variable x, on replacing t by c 2 ' 6 , we find 


n (1 - 2xp-*" cos 2(9 + afy- 4 -} = I[ 0] ( V— + 2 (t» + r») . I w V— ). (32) 

m = l \ L i-V 1 

The convergence of the infinite product requires j? > 1. Replace p by q~ 1 ,. 
x by ix. 

n {1 — 2xq* m cos 28 + x\ 4m } = + £ 2q nU i~ n cos 2nd . % (, 

m~i — 1/ u=l J \S'— 1/ 

(? < !)• (33) 

In the notation of Tannery and Molk,* this may be written 


Mp) 


2q 0 qk sin vi r 
or in terms of Jacobi’s functions, 


+ 2 i 1 ^' B cos 2 % ^n(; 


3 ^ 

3 —p 


(34) 


— j /«_2L. \ -j_ 2 Xq n2 i~ cos 2^. i —). (35) 

23 0 3 ^sin^ ^ ° 3 \^—1/ 1 ^Hs-l/ v 7 

The functions denoted $ 3 (z>), 5 S (v ), 5 4 (v) by Tannery and Molk may be 
similarly expressed as 


AW ^ 


%q 

2q 0 (ft cos 7tv *W\1 —q, 

Jj 0) mt ( i 

% 

^W. 


+ 2 %q n H~ n cos 2vir . J 


Hi 


23 


= 3[o](xz-„) + 2 ^“" cos 2l<7r • 3[«] 113 


= hh=i 2 ^-%A“i 


(36) 


2o 

A more general series than the foregoing, but of similar type, may be 
obtained from the expression 

+ 00 


E- 


> (I]) x E ;, i^w) = 


from which we deduce 

00 

n 


1 {(1 +p 2m xt) (1 +p 2m+2 *’^--i)} = X p n <»-■') 7 W (|1-^) if». (37) 

— 0 54 =—00 \1-p/ 


* f Fonctions Elliptiquesy vol. 2, p. 18. 
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Replacing t by e w , p by <i“\ we find that if v be a positive integer, 


oo 


II (1 +p^ n xe w ) n {1 + 2 xp %n cos 8 -f } 



In case y=l we find on replacing x by p % x that the theorem is in agreement 
with (33). A great number of interesting relations may be found among 
the various coefficients in the expansion of the products of the form 
Tl{l + 2p %n XQ,o&8+p ini x*), but the investigation of these would not be in line 
with the rest of this paper. 


4. 

Gp ( x , a?). 


This function is the simplest function satisfying a difference equation 


(39) 


/(■* + w) = (x, co)f(x), 


and is in p function theory the analogue of the G function of Alexiewsky, 
which satisfies the difference equation 


/(*+!) = r (x)f(x). 


A history of this function is given by E. W. Barnes in the e Quarterly Journal 
of Mathematics/ vol. 31, p.‘264, et seq . In case \p <a | >1, the expression 
defining G^ (x, co) is 



Gp($+G>, ew) = L 


|* <o)!2oi 2 px(x—(o) (x— 2to)/6o} 2 


in which T p is the function defined in (l,a). In case | p°> | < 1, the proper 
expression for the function satisfying the difference equation (39) is 


Tp(a) r^(2ri)) . . . ^(/ect)) 


^ {^(ACCD + ft))}^ 

[fCCD + Oof^ 12 **, (41) 


Gp^ + o), oo) = L 


k — oo iip (x -f* ft)) (x “I - 2ft>)... {pc -f* /cct)) 


in which T p is the function defined by the expressions (1) and (B), viz., the 
expressions for the simplest function satisfying f(x + co) = [x\f{x) in case 
j p M | < 1. 

As in ‘ Proc. B. S., ? vol. 74, p. 72, it may be shown that 


(42) 


G^ {x + co, ft>) = T p (x, co) Gp (x, ft)). 


we proceed to investigate a quasi-multiplication theorem for this function, 
and thence to deduce a transformation theorem for a function which satisfies 
a difference equation 


l 2 


f(x) = cr(x)f(x-co). 
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Multiplication Theorem. 

The theorem to be discussed is a generalisation of a theorem given by 
E. W. Barnes,* viz.:— 

n—1n —1 , \ 

n n G (® + I±£) = K(2t r )*(*-W8 ffi -«/2 +iBG i( w \ 

j- = o« = o \ n / 

We have shown that 
T p \(nx, co) = A 


'" lX \(oi)rJx + -^)...rJx + 


\ n 


n — 1 


in which 


A = 


G] 

StX?)}' 


J^nx/a 


-nx (nx -w)/2w 2 n -\ 5l _i . , 

n nG„f®+ —« 

0 0 


(nx> co) 


Consider f(x) = — 

Now 

+ = r^(^) (nx -f- ft>) . . . iy r {nx -f n — 1 &>) (nx, co), 


=K{ A G] _:( ”- )r H a ’ + vb-- r d“ + . 

= a "G 1 

therefore 

-f (rp -4- ri ~]—(nx+n(x))(nx+nw~-t0)/2(xi !l +nx(nx~(o)/2<a 2 +n z £/(t)+n(n—l)/2 

J ' w / — J^n (x+ w)/w —nx /w —n I x I 


. TCO 


r + n— 


— co^j j>* x G p ~(nx, co ), 


l~]~n 2 x/(o—n (71 —1 )/2 


n_l ^—1 ^ / 

n n i ri®+ —w 

-oi = o L \ n 


)j- • G>» («-£)> 


ET 


a*) 1 1 L 

The function /(#) has no singularities in the positive part of the x plane, it 
is also a single-valued function, since by p x we always denote absolute values. 
By Lionville’s theorem f(x) is constant, and we may write its value as 


n 


/FI Finally 


Gpl(nx, co) = \C A ' 


-7ix (nx —o))/2o> 2 


r — 0 s = 0 


I1 „. II n G ?(*+“ ®> w )> ( 43 ) 


in which 


X = 


71— 1 

n 


? W?)} 


nufaC+m.)} 

0 0 L \ / J 


• [1] \ and C = A«/“ 


[_nj 


n/io ^ 




■nf o> 


* ‘Q. J. M., 5 1899, p. 291. 
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1904,] Gamma-Function and the Elliptic Functions . 139 

This theorem is consistent in form with the multiplication theorem of the 
G function, and reduces to Barnes’ expression if we make p = 1 , oo = 1 . 


Tp (a?, g)). 

By means of the function G-* (a?, g>) we can form a function satisfying a 
difference equation 

f(x) = ar(x)f(x—m\ 


Take 

then 


r p _ G p (gy + x) 
p Gp(&>—a?) J 

T (r m) — ®p( x ) 

lp{W 


(44) 


Combining these with Grp(a?+ft>) = (a?, ft)) G p (a?), we find that 

T p (a?—eo) = Pp (a?) T p (« — a?) Tp (a?), 

which is Tp (a?) = \~ l S p (x) T p (x—o). X* = Y }) (~, onj . (45) 

Now S i; (a?) may be expressed as Ae ax+hx2 cr (tx ) = S fl * 1), (Result (16)) 


in which 


A = -^(^ir{^a)} 3 ^ 


a = 


ITT 


2 ft>/ 


s =-^- 

irro > 2 

q z=z 0 io l } 


so that on writing 

/(*) 

we can determine the constants a, / 3 , y, that 

f(x) = <r (*)/(« -2 w 2 ), 

for £M —: ga#+/}.« 2 +ya' 3 —a (a ~2c> 2 ) — /9 (a 1 —2w 2 ) 2 —y (x— 2fe) 2 ) 3 ^“lj^^rt^+ /V^V 

/(®-2®s) 


(46) 


Choosing 


6 yft)g -f 5 = 0 , we find 7 = 


% 


4/3ft) 2 ~~ 12yet ) 2 3 *t~& = 0, 

2a&> 2 —4/3ft ) 2 2 + 876 )^—log X 

-flog A = 0, 


0 = 


imr 

> 

'2 


8cftjft)^ 

4g) x J 


2l_ 

i7T i7T 

1 

6<m 1 

d&q 4ft) 2 

2g> 3 


log (? 3 -l)-A l°g — • 

^5ft) 2 ft)-j 


(47) 
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f(x) = <r (*)/(«—2o) a), 

/(»—2®a) = <r(«—2® 2 )/(«—4® a ), 


f(x—2n—2<o z ) = <r(x — 2n—2co^)f(x — 2n® 3 ), 

/(a;) = <r (*) <r (*—2w 2 ) . . . cr (a; — 2n—2w^)f(x — 2na)^), 

(48) 

and since <r(a;—2m® 3 ) = ( — 

we obtain 

f (x) =: {a (x)} n (— 1) 2 e 2% 2 " 7,2 3 402 xf(x—2na> 2 ). (49) 

In connection with this function, we notice that Picard has given a function, 
F(s), such that 

F (z + 2^) = F (*), F (z + 2© 3 ) = S (*) F (*), 
in which S (z) is a given doubly periodic function of the first kind.* 


Transformation Theorem for the Function T i; (x } co). 

By means of the quasi-multiplication theorem of the G p function, 


Q-pifnx, &)) = \G' V 


~ nx (nx —oj)/2w 2 ^ ^ | n 


n n Gp lx- f-- 

r=0«=o ' 


% 


we derive 

T/-(^) = G p~(co + nx,Q))/G P l(G)—nx } G)) 


= C 3 * 


5^ 2 a.’ 2 /w 2 

L 


»t — l 51 — 1 

n 

0 


n ^Gp [X^ 


r + s+1 


n 


(0 


/ 


l . r-fs + l 


-F 


)}• ,5 °> 


* Qf. Forsyth, 4 Theory of Functions, p. 296, Ex. 3. 
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1904.] Gamma-Function and the Elliptic Functions. 

Writing the double product of the quotient of the G functions as 
g(x+ — )G(W—\ ... G (x+—\ 


141 


n 


xGj* + — )G(x + 

' n \ n 


n j 

Oft) 


n } 

n / , n—1 

. . G [x -f- & 


pi I . % — 1 \ ( i 2% — 2 

X G j - ft) ) . G ($ +-ft) 

n \ n 


xa(*+i“). g(*+^ 


% 


ft) 


(51) 


G (ft)— x —ft) \ G (co — x —~—- co ) . . . G (ft)— x) 


x G (ft)— a?—-—- ct) G (oo—x—-—- to 


n 


x G (ft) — x) G / ft) —a? + 


G ( G)—X-j~- 

n 


n I r, . 1 

G ( ft)—$ +-ft> 


\ w 

we take the last term of the first row in the numerator with the first term of 
the last row in the denominator, the last but one of the first row with the 
second of the last row. In the same way we collect the terms of the second 
row of the numerator and the last row but one of the denominator, and so 
on, and finally obtain the expression 

T (^)T (x- 


ft>\ rp G n — 1 

... 1 (a? —-ft) 

n: 


xT fas+ ^jT(x) .. . t(«- 


n— 2 


• co 


xT [x+'Fzl (0 


n 


so that 


Tpv(naj,fl>)== C 8 * 


n 2 x 


T {%) 


n—l -(n—l) 


n n T,(»+r± a », 

r = 0 s =0 \ 


(52) 


( 53 ) 


This theorem is the extension of the theorems 


S p x , 5? j = CS # (a?, co) S p (x+ co j . . . 

sin (?&a?) = c sin x sin ^x + . . . sin ^ 


co, co j, 


n 

x + *=l* 
n 
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6 . 


Grp « 3 ). 


Consider the doubly infinite product 


simultaneous zero values of m and n being excluded from the product. 
This product is absolutely convergent if j p™ f < 1. 

By means of the expression 



we are enabled to write the double product as 



= iy- 1 (x, «,) n { 


) n -T T V( m&, i + w 2’ M a) 

iKi l C, (x + raw, + ® 2> ® 3 ) J 

f + (l-p)-. 

Tp (X'(O^t C0%) ?(l~l L. (<X ~f” CilCO, “)“ CO a, COy) 

T* M \ » f 07),M. 1 


- ® g , Mo) ^ 
+ ®2. ® 2 ) ' 


f r y (fltffl 1 +fl) 3 ,a> 8 ) /J __ 

IT* (jc + m® J + w 3 , w 2 ) V 


= (1 Yf\x, co,) T f (»*** >- 


r i 



= (1 (a;, (Wj) Fp Xa? + eo 3 , e> 2 ) T p (x -f oq, o> x ) (1 — p) x/ ^ 



so that finally we have 


Y p (mgy v ft> 3 ) 




Gr^ (Xj eOj t ft> 3 ) Y p (x, ft) 3 ) — 


g> 3 ) 


and a similar equation obtained by transposing a> v g> 3 . The transformation 
carried out in the above work is on the same lines as a transformation given 
by E. W. Barnes for a function (f (x | t),* but is simpler owing to the fact that 
the products are convergent in the above case without necessity arising for 
the introduction of exponential factors to secure convergence. 


* 4 Loud. Math. Socy. Proc./ vol. 31, p. 360. 
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There are two difference equations for the function 

(1 —> r n W 

G p (x 4- co 1 , ft) 1 co 2 ) = Gp (sc, to 1 ft) 2 ) (sc, co 3 ) x ^— , 

Ag 

Gp (X -f ft) 2 , ft)]ft) 2 ) = Gp(sC, ft)]ft) 2 ) r, (#?, ft)]) X --~-Z- , 

Ai 


(56) 


x x = n (i —x 2 = n (i 2 )* 

i i 


in which 
Since 

r, (_*,_«)= L - [- M ] [-2H . Iz=WL .. [-ya,]^ 

[ — Sc] * = *[—SC— ft)J [— X— 2ft)] . . . [ — X — fCO)\ 

_ _£! T [«] [2m] ■ . . [*&>] 

[®] [*+»] ... [x + kcoY 1 \p-lj 

= —p x (—i y/ w r ? (®, ®) = r J} (x, ®). (57) 

If now we form a function t (sc |, g) 1} ft) 2 ) = G (sc 4 ft)], ft) T ft) 2 ) G -(—a?, «], — &) 2 ), 
we see that 

(58) 

(59) 

(60) 


T (sc | ft)]ft) 2 ) __ Gp (sc 4 ft)], ftqft) 2 ) Gp ( —•&, ft)], — ft)o) 


t (s» 4 ft>i | fc>iw 2 ) Gp (sc 42 ft) x , ft) 1? ft) 2 ) Gp (— x— &) 1 , ft)],—ft) 3 ) ’ 
and by means of the difference equation 

/ P_ rij\xlw z 

G p (sc “j" ft)^j ^1^2) — Gp (sc, ft) x ft) 2 ) Tp (sc, ft) 2 ) ^ i* , 

Ar) 

we are able to reduce the right side of Equation (58) to 

r ? ,(— x- «i, — ft> 3 ) (i-2>y- x ~ a ')f- a * _ 

(sc 4 ft)p ft> 2 ) (i —jpy x+<a ^ 

Consider now 

r (sc | ft) 1? ft) 2 ) _ Gp (sc 4 ftq, ft)]ft) 2 ) G p {—x, ft) x , — co 2 ) 

r (sc 4 ft> 2 1 ft>i, ft) 2 ) Gp (sc 4 ft)i 4 ft) 3? ft>i« 2 ) Gp ( — x —ft) 2 , ft) 1? — ft) 2 ) 
We know that 

G (~ x ~~~~ ft) 2 , ft) x j ft) 2 ) — Fp ( sc, ft) x ) G (~~~ X } co x j ft) 2 ) x 


(1— ]0)~ xll ° 


G (sc 4 ft) x 4 ft) 2 , ft) x ft) 3 ) — Ep (sc 4 ft)], ft)]) G (sc 4 ft)], ft) x ft) 2 ) x 


(p — p^ x +w i/ w i 


therefore 

T (SC, | ft)]ft)o) _ X] (1 —^ 9 )~-a?+co 1 /<a 1 ^ X] (1 __ X ] 3 (1 —jfl )" 1 Sp (SC 4 ft) ], ft)]). 


t (a? 4 ft) 2 1 «i« 3 ) Tp (sc 4 ft)], ft)]) T p (— sc, ft) x ) 




(61) 

It is now quite clear from the difference equations (59) and (60) that we 
can, by the introduction of an exponential factor, construct the function 
denoted F (sc) by Picard* 

* Of. Forsyth, ‘Theory of Functions, 5 p. 296. 
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F(te+2&> 1 ) = F(*), 

F («+ 2® 3 ) = S (®) F (x), 

t. / \ . n^+— 

F (x) — Ae* 1 s (*) ui! 5 ) 

where A is a constant and ir (x) denotes 

f+'>+2{B, + c4 + D^ + ... }?(,-«, 

the summation extending over all points b r and the constants B r . 
subject to the relation 

SB, = -Sl . 
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